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ABSTRACT. Sensitivity amplification in signal transduction modules regulated by phosphorytation
dephosphorylation cycles and GTPases results from a new type of cooperativity which is fundamentally
different from that of allosterism. This type of cooperativity, termed temporal cooperativity [Qian, H.
(2003)Biophys. Chem. 10%85-593], is analyzed in this paper through stochastic models for molecular
interactions. Mathematical analysis is developed through a series of models with different levels of
complexity, from which a simple conceptual model based on linear cooperativity is derived. The following
are shown: (i) When both kinase and phosphatase are nonsaturating, the distribution of the number of
activated substrate molecules is binomial. With increasing kinase activity, the peak of the distribution
continuously moves toward 100% activation. (ii) When the kinase is saturated, i.e., zeroth order, the
distribution is Poisson. (iii) When both enzymes are saturated, the distribution is geometric. Ultrasensitivity
corresponds to an abrupt switching of the peak position of the distribution from 0 to 100%. The theory
is applicable to a wide range of processes in cell signaling including the specificity and sensitivity of
T-cell activation.

Protein phosphorylation is one of the most important order kinetics of kinase and phosphatase. Qian has further
biochemical reactions in living cellsl(2). The biological elucidated the importance of open-system chemical reaction,
activity of a protein is often “turned on” by the phospho- in terms of continuous ATP hydrolysis, in the proper
rylation, catalyzed by a specific kinase, and “turned off” functioning of such a switch5( 6). Gonze and Goldbeter
by a dephosphorylation reaction, catalyzed usually by a (7) and Heinrich et al.§) have studied mathematical models
specific phosphatase. The sequential events of turning onfor kinase signal transduction networks. The switch charac-
and off enzyme activities constitute the primary mechanism teristics, the ultrasensitive activation, and the open-system
of information propagation in biochemical terms inside a cell, nature of the PAPC module all have been experimentally
from the precisely programmed “instructions” in a genome demonstrated in test tube with ATP regenerating sys&em (
to cellular functions. This is known as biochemical signal 11). A wide range of experiments in cells have further
transduction. established the importance of this reaction system. See a

The turning on and off of the biological activity of a recent paper and the references withig)(
protein has been widely recognized as a switch in controlling  One of the key concepts in the PdPC signaling is the
information flow. This mechanism is now one of the key switching sensitivity: the sharpness of the activation of the
concepts in cellular biology. The basic chemical reactions substrate protein in response to the increasing activity of the
of this all-important, simple biochemical “network”, thus, kinase (or phosphatase, depending on the actual biological
can and should be completely studied in quantitative terms. setting). One of the observations is that in the case of the
The first mathematical model of the phosphorylation  kinase being highly saturated by the substrate protein, i.e.,
dephosphorylation cycle (PdP@vas developed by Stadtman  the kinase-catalyzed reaction is zeroth order, the switch
and Chock g). Goldbeter and Koshland) have discovered  exhibits high sensitivity 4).
the ultrasensitivity of a PAPC switch in terms of the zeroth- e piochemical network of PAPC is also closely related

to several other important biochemical systems currently
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protein; GDP, guanosine diphosphate; GEF, guanine nucleotide ex-p50Rho (6).
change factor; GTP, guanosine triphosphate; MHC, major histocom- A
patibility complex; MMBH, Michaelis-Menten-Briggs—Haldane; Sensitivity is usually understood as a sharp response to a

PdPC, phosphorylatierdephosphorylation cycle; TCR, T-cell receptor.  small change in the signal strength in terms of kinase/
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Ficure 1: Even though biochemically PdPC in (A) and GTPase w(tl?) w(tl2) w(H3) w{ting)

in (B) are widely considered to be different, each with its own Ficure 2: (A) Phosphorylatiordephosphorylation cycle (PdPC)
significant roles to play in cellular signaling, their kinetics are in the traditional schematic. Substrate protein R can be phospho-
isomorphic as shown here. In (A) R and R* are the unphorphory- rylated to become R*. The phosphorylation and dephosphorylation
lated and phosphorylated forms of a protein; K and P stand for reactions are catalyzed by two enzymes: kinase K and phosphatase
kinase and phosphatase. In (B¥® and &' are GTPase with P. Note that the reverse chemical reaction of the phosphorylation
bound GDP and GTP, respectively; GEF and GAP stand for guanineis the kinase catalyzed ATP synthesist dephosphorylation, and
nucleotide exchange factor and GTPase-activating protein. the reverse chemical reaction of the dephosphorylation is addition
. o . of inorganic phosphate. (B) PdPC in terms of the sequential events
phosphatase concentrations or activities. If the kinase/of phosphorylation and dephosphorylation of each individual
phosphatase activities are regulated by a ligand binding to asubstrate molecule, one at a time. There are totajlgubstrate
receptor, then the PdPC sensitivity becomes intimately relatedProtéin molecules. In quantitative terms, t@dom-walkmodel

PP : : P is characterized by thevi(tin) and w_(tjn) (0 <n =<ng): the
to the specificity of the ligand induced activation. Both probability distribution for the dwell times of the system in state

sensitivity and specificity are key issues in the studies of hr+' 'moving a step forward and backward respectively.
T-cell activation (5, 17). There, one has observed high
sensitivity due to very few copies of the antigen-MHC ate for test tube experiments, and one at the stochastic level,

complex on the APC, and high specificity in T-cell response hich is more appropriate for a small number of kinase
to different antigens. Various models, i.e., serial engagementmolecules, such as in a cell.

and kinetic proofreading, have been considered. As we shall  Traditional Enzyme Kinetic ModelThe first level of

show, all these different biological signaling processes can kinetic model for the PdPC has been developed by Stadtman
be better understood in terms of a stochastic kinetic model and Chock, Goldbeter and Koshland, and Qiang). This
for the PAPC and its variations. _ is a small biochemical network of three proteins with kinetics
A thorough understanding of the PdPC-like network shown in Figure 1A and simplified in Figure 2A: The protein
kinetics, therefore, is relevant not only to the kinase signaling R can be phosphorylated to become R*. Both phosphoryla-
but also to other cellular signaling networks. In this paper, tion and dephosphorylation are enzyme-catalyzed reactions,
a series of models with different level of complexity are \yith kinase (K) and phosphatase (P) respectively. Enzymatic
presented and their quantitative relations investigated. For areactions are modeled according to the reversible Michaelis
highly saturated kinase, there is no competition between \jenten-Briggs—Haldane (MMBH) mechanism.
kinase molecules for their substrates. Hence the phospho- According to @), “ultrasensitive” and “subsensitive”
rylation reaction is essentially a single-enzyme process, responses are defined with respect to a hyperbolic response.
which can be subjected to mathematical models developedthe |atter is what one expects from a PAPC with both kinase
in the field of single molecule enzymologl®. Such a  and phosphatase operating in the irreversible, nonsaturating
stochastic model for PAPC was introduced §), (but a first-order regime §, 22). In comparison, with zeroth-order
detailed analysis has not yet been developed. Our modelingphosphorylation catalyzed by the kinase and first-order
approach is also novel; with a little more complicated algebra dephosphorylation catalyzed by the phosphatase, the steady-
it can also be applied to many other signaling systems. We gtate of the system in Figure 2A is given in eq 8 herein.
give an example for the activation of T-cell in the later part Figure 3 shows the fraction of phosphorylatidrs [R*]/
of the paper; other possible systems are Rabaptin5 depender‘(TR] + [R*]), as a function of the activity ratio of the kinase
membrane Rab5 GTPase activatiohd)( and G-protein  tg that of phosphatag the Michaelis constant of the kinase

mediated phototransduction in photorecept@@).( Kw, and the phosphorylation energyG = RT In y. f
The present analysis also emphasizes the open-systencreases with increasing and AG, and with decreasing
nature of the biochemical reaction networ&).( Having Ky

sustained ATP and ADP concentrations with constant phos- kM regulates the sharpness of the activation curve, i.e.,
phorylation potential is essential to the behavior and function sensitivity @). It can be quantified by the Hill coefficient
of PdPC as a biochemical switch in living cels @1). As nh. For this modeln, is maximally 2, when the kinase is
we shall show, the thermodynamic energy aspect of the signalyghly saturated (Figure 3A).

transduction plays an important role in further understanding  'AG regulates the amplitude of full activation. WhA/&
the function of both the PdPC switch and T-cell activation — g s in factindependenof the activity of the kinase, as

(22). expected from an equilibrium between R and R* which
cannot be perturbed by an enzyme (Figure 3B).
TWO LEVELS OF KINETIC MODELS FOR PDPC Detailed analysis of PAPC with both phosphorylation and
There are two ways to model PdPC kinetics: one is at dephosphorylation reactions being reversible and zeroth-order
the traditional enzyme kinetic level, which is more appropri- can be found ing). For analysis for irreversible enzymatic
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5 1 5 if wi(t/n)/w_(t/n) O (no — n)/n for all n and independent of

= 75 _( ) NS t (18, 23, 26). This is the case when both kinase and

2 : a phosphatase are nonsaturating. Hence, each individual sub-

8 0.5 - strate protein undergoes PdPC independent of the others.

'S 7= Whether the enzymes are saturated or not, when there is

5 25 1 r=ox1er no energy input, i.eAG = RTIn y = 0, the random walk

s 0 e is noncooperative (see eq 16). In that case(t/n) and

£ 2 1 0 1 2 21012 3 w_(t|n) follow the well-known Haldane equation in enzymol-

ogy (18): Their ratiow,(tjn)/w_(t|n) is determined solely

Log (6) by reaction thermodynamics irrespective of detailed kinetics.

Ficure 3: The fraction of phosphorylation of a receptdy \With

saturated kinase and nonsaturated phosphatase, as a fundiion of Even thouah the substrate molecules are all monomeric and
the ratio of the activities of the kinase to that of phosphatksg; 9

the Michaelis constant of the kinase: aRd@ In y, the phosphory- there is no aIIostgric cooperativi_ty in the traditional sense,
lation energy from ATP hydrolysis. The curves are plotted according there are interactions between different substrate molecules.
to eq 8. (A) With irreversible kinase and phosphatase=(c = 0, When both kinase and phosphatase are abundant, individual
yu = =), the activation curv§(0) becomes sharper when the kinase  substrate molecules fluctuate between R and R* indepen-
;%rm}g\:ejaéu;at:e(zii_ﬁg :’E”l_f ze)gég;(sz;ﬁtk?)n:m:h o (Ts)lﬁ?ﬁ dently. Hence there is no interaction whatsoever and the
given Ky =’10,,u =105 ando = 0, the level of full activation PdPC is noncooperanve. Hovygver, when Fhe kinase is highly
f() increases with the ATP hydrolysis enerds = RTIn v. saturated, there is a competition of the kinase for phospho-
rylation between all the substrate molecules in R. Hence, it
. ) . is clear that if there are more R*s, i.e., fewer R’s, the
reactions see4j. Again, AG regulates the amplitude of the  ynosphorylation of one R via kinase becomes less competi-
full activation G, 6, 21), and the Michaelis constants for the  tjye. Here is the origin of the cooperativity: more R¥'s make
kinase and phosphatase regulate the sensitivity of thene remaining R’s more likely to become R¥*s. It is also
activation. As we shall show, the sharpness in this case cangjear that if the kinase reaction is reversible, i.e., the R*s
be much greater than 2. It is in fact proportional to the can also compete for the kinase with R’s, then the cooperative
concentration of the substrate protein.. . effect is diminished. Qian has termed this type of interaction
Stochastic Model in Terms of a 1-Dimensional Random “temporal cooperativity” since the sequential states in Figure
Walk. Qian () has suggested that the nature of the zeroth- 25 are adjacent in time rather than in space which is the
order ultrasensitivity can be best understood in terms of a case in allostertic cooperativiti,(6). On the other hand, if
more detailed model in terms of the chain of events of there is a competitive inhibitor for the kinase, then it
phosphorylation and dephosphorylation of each substrateeffectively reduces the available amount of kinase. Thus it
protein, one at a time. This is shown schematically in Figure iso |eads to sensitivity amplification, as has been shown
2B. In terms of this random-walk model, we follow the recently (2.
stochastic dynamics of the enzyme reaction system Dy  \jichaelis-Menten-Briggs—Haldane KineticsThe prob-
counting the number of substrate molecules being phospho-gpijitiesw, (tjn) andw_(tjn) can be derived from the standard
rylated. The state of the system is determined by the numbersy \igH kinetics. We leave the mathematical details for the
of phosphorquted and unphosphorylated substrate m.ollecuIes,vmhodS section. In summary, Figure 9 shows how to map
The dynamics of the model at this level are quantified as yhg kinetics in Figure 2A to Figure 2B via a detailed kinetic

follows. At each state, i.e., a square box in Figure 2B, the agter equation. For the case of one kinase molecule, Figure

system will dwell for a certain amount of time before gg shows the detailed events between staf*} jumping
jumping forward or backward. The res_pegtlve probabilities tqvard to statg (n + 1)R*} or jumping backward to state
of jumping forward and backward at times w.(tin) and £y — 1)R*}. The corresponding probabilities then can be

w-(tIn), in which n is the number of R* molecules in the  5cyjated. The calculations provide the following features:
state. Note that these time distributions are functions of the (1) There are two important quantities associated with

?_tﬁte: thea/ are rc]iepenollent gpg_rl'_ the numbers of R and R*'(t|n): the total probability of jumping forward from state
en we have the total probability nR*, p+(n), irrespective of when the jump occurs, and the

mean dwell time for the jump to occli [(n). Similarly there
arep-(n) and [@-[{n) associated witlw_(t|n):

We can further see how the system becomes cooperative.

ST, (tin) +w_(tn)] dt =1 (1)
Assuming the total of R and R* molecules is a constant
then the number of R molecules in stétéR*} will be ny —

n. This mathematical framework for describing the kinetics
is known as a semi-Markov process, also known as continu-

po(n) = [Twa(tn) o, [E.0) = —=— [“tw,(tn) ot
p.(n) @

ous-time random walk or extended kineti@8), which has

(2) If the biochemical reaction network is in an equilibrium

been extensively studied in recent years in connection toptfer, j.e.. the amount of ATP, ADP, and Pi are in their

motor-protein kinetics and single-molecule enzymolob; (
24-26).

chemical equilibriumAG = RTIn y = 0 for the chemical
reaction ATP<= ADP + Pi, then (eq 16)

The random-walk representation provides a deeper un-

derstanding for the nature of ultrasensitivig; 6) in terms
of the cooperativity between successive phosphorylation

events. The chain of events are noncooperative if and only

p.(n)

. I’I0 - N
p.(n)

n

[, [in) = [@_[(n), 3)

€q
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Ficure 4: A conceptual model for sequential events of phospho-
rylation and dephosphorylation of a substrate protein R With
copies. The staten represents the number of proteins in the
phosphorylated form. That isR* and (N — n) R. The difference
between this model and that in Figure 2B is that here we do not
detail the waiting time distribution. Rather for each state, there is
a lumped rate for going forward, and a lumped rate for going

backwardg,. Note that the states along the chain are “neighbors”
in time, not space.

Kl (A) ® (B) ©)
R R || R R || R R*
4P] A4P] :

probability of number of phosphorylated molecules

Ficure 5: Three different types of PAPC with increasing sensitivity
in the level of R phosphorylation as a function of the kinase activity
(or concentration). (A) Independent system: Both kinase K and
phosphatase P are nonsaturating. (B) Semisequential system: The 0 25 50 75 100
kinase is saturated but not the phosphatase. (C) Strictly sequential *
system: Both kinase and phosphatase are saturated. In terms of percent of phosphorylated R

the random walk in Figure 4, one has (&) = (N — n)A4[K], fn Ficure 6: Probability distributions of substrate molecules, among
= mP]; B) o, = VK _ Bn = nly[P]; (C) ot = Bn=V" total N = 100, in the phosphorylated state. (A) Independent
2 " mave 170 2 " mave 70 max system: & = 0.11, 1, and 9, corresponding to the mean of the
. e . distribution = 10, 50, 90. That is mean fractidn= 0.1, 0.5,
where Keq 'S_ the qullll?rlum con_s}arf for the pr'oteln and 0.9, respectively. From 10% to 90%, thehanges by a factor
phosphorylation reaction: R ATP = R* + ADP, which of 81. (B) Semisequential systend: = 10, 50, 90, corresponds to
has to be the same as the equilibrium constant for the 0= 10, 50, 90. From 10% to 90%, tiechanges by a factor of
dephosphorylation R- Pi = R*, 9. (C) Strictly sequential systemd = 0.9, 0.99, 1.01, and 1.1,

. N corresponding to the mean of the distributidin= 10, 45, 55, and
(3) For the cellular environment, theG ~ 12 kcal/mql, 90. From 10% to 90%, thé changes by a factor of 1.2. This is
y ~ 4.9 x 107 (27). We can reasonably assume both kinase yjtrasensitivity.

and phosphatase are irreversible. Under this condipon,

(M/p-(n) O (no — n)/n still, but [{.{n) = [E-[[n) (eqs 23  whereN is the total number of substrate molecules (N#Y,

and 24). If one considers the rate of jumping forwarg= = R whereV is the volume of the system).

p+(n)/I: (), the probability per unit time, we see thatis The results presented in the following sections can be

essentially mplependent af. At the same _t|me, since the simply summarized as follows: For (A) in Figure 5 the

phosphatase is assumed to be nonsaturgfing, p-(n)/{-3 probability for the number of R* beind among totalN

(n) On substrate molecules is binomial distribution with mééin-

RANDOM-WALK REPRESENTATION AND [KI(Z[K] + 22[P]). For (B) with largeN the distribution is

LINEAR COOPERATIVITY Poisson with mearv[,,/12[P]. For (C) the distribution is

geometricp 0 6 with 6 = VK_/V" ). Figure 6 shows the
The above analysis suggests the possibility to simplify the probability distributions of the number of phosphorylated R*.

two distributionsw.(t|n) in Figure 2B by two rates, and (A) Independent System: First-Order PdPEach sub-

Bn. To better understand the sensitive, cooperative nature ofstrate molecule fluctuates between its R and R* forms. If

the PdPC activation, we now introduce an even more there are sufficient numbers of kinase molecules and phos-

simplified, conceptual model shown in Figure 4. phatase molecules, then the fluctuations of one molecule are
We shall show that the conceptual model in Figure 4 is independent of other substrate molecules. This is the case if

able to clearly demonstrate the essential features of threeboth phosphorylation and dephosphorylation reactions are

different types of systems shown in Figure 5. (A) an first order, and the (pseudo first order) rate constants for the

independent PdPC system; (B) zeroth-order ultrasensitivity reactions arel,[S] and A;[P], respectively. Therefore, the

with only saturating kinase; and (C) PdPC with both o,andg,in Figure 4 are directly related to the rate constants

saturating kinase and phosphatase. All three models in Figurea,, = (N — n)A4[K], 8n = nA,[P]. The factor N — n) in a,

5 can be represented in a sequential kinetic scheme showraccounts for the phosphorylation of one molecule amdhg (

in Figure 4. The differences are in the details of the values — n) unphosphorylated R’s; and similarly, the factoin S,

of o, andfn (see below). accounts for the dephosphorylation of one molecule among
To reiterate, understanding the cooperativity in the PdPC N phosphorylated R*'s.

requires one to see how the phosphorylation of one substrate The most important consequence of the completely

protein influences the phosphorylation of another. Therefore, independent substrate PdPC is that the system can be

the kinetic scheme in Figure 4 explicitly shows the number understood in terms of the reaction of a single substrate

of substrate molecules being phosphorylated: from B,to  protein: R==R*. The probability of being R* igp* = 6/(1
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+ 6) and being R is 1/(& 0) = 1 — p*, 0 = A4[K]/ 1,[P]. g Y g 2
Then for theN substrate molecules, the probability of having 'g 2 | g 2t
I molecules of R* among them is a binomial distribution: g 2| H st
Q
N| | - g 15 f § 16
P =P @ F | £ 1
: : § st (A) 1 i 12 B) 1
The distribution has a single peak around its mah The v %0 10 20 30 40 s0 60 TR

61

mean fraction of molecules in the R* is precisély= p*.

When 6 increases from 0 teo, p* increases from 0 to 1, FIGURE 7: Activation curve for semisequential systefff)) given
and the peak position gi increases accordingly from 0 to in eq 28, has its Hill's coefficiem, and midpointd,,, both increase

N. This is very different from the case of ultrasensitive with N: the total number of substrate protein molecules per kinase.
system in which the distribution has the peak either at O or IncreasingN means increasing saturation of the kinase. Tihe
at N, but not in between (see Figure 6C). reaches 2 for a highly saturated kinase.

Any deviation of thea,, and 3, from this situation is a
consequence of certain interactions between the different
substrate molecules in their PAPC reactions. For example,
in the case of zeroth-order reactions for both kinase and
phosphatasey, = V&, of the kinase ang, =\, of the
phosphatase. Hence they are no longer functions. dfo
illustrate this, consider there is a single kinase molecule and
a single phosphatase molecule, together wWitlsubstrate
molecules. Then the phosphorylation is strictly sequential,
there is a competition for the binding site of the kinase among 100 0-1
all the unphosphorylated substrate molecules, and similarly, FiIGURe 8: In zeroth-order PdPC, an abrupt switching of the peak

there is a competition for the binding site of the phosphatase poslitionl for the di.smb“tsio”.tﬁ'f\] thelé‘(;‘”l‘:be; of 1prt‘ﬁ5ph°rl3("f3‘ted

; moleculespy given in eq 5 withN = 100. Forf < 1, the peak is
among a”.the phosphorylated proteins. . located ak = 0, but whend > 1, the peak is located &= N =
(B) Semisequential System: Zeroth-Order Phosphorylation 1gg.

and First-Order Dephosphorylatiorhe above discussion

suggests that if only kinase but not the phosphatase isThis distribution is fundamentally different from those in
operating under zeroth-order condition, then one should still the previous two cases: The peak of the distribution remains
observe cooperativity in the PAPC, though to a lesser extentat 0 wherd is increasing from 0 to 1. Then it moves abruptly

N: total number of substrate protein to be phosphorylated

prob of k phosphorylated

k 80

(Figure 5B). from 0 toN when6 > 1 and remains. Figure 8 shows the
For zeroth-order phosphorylatio_n we hawg= VX _ of ultrasensitive switching wittN = 100. Either none of the
the kinase, independent of We still havef, = ni,[P] = protein molecules are phosphorylated, wiéer 1, or all of

nB. for the first-order dephosphorylation. Then the prob- them are phosphorylated, whér+ 1. The Hill's coefficient
ability of havingl R* amongN total substrate molecules is n, ~ (N + 2)/3. With largeN, the zeroth-order PdPC can
(eq 27) isp = 0'(1'Z(0)), whered = Vﬁajﬁl represents  be extremely sensitived).
kinase activity (or concentration).
Again, the distribution has a single peak, arourd 6. APPLICATIONS TO T-CELL ACTIVATION
Hence, with increasing, the peak moves accordingly. The
mean fraction of phosphorylated Rf,,however, no longer
coincides with the peak. It increases wiithbut gradually
lags behind and eventually plateaus. This is exactly what
one obtains from the deterministic model, shown in Figure ) , , )
3A. The random-walk model predicts the same behavior for >€'ial Engagement and Triggering Mechanisithe
the mearf(0) that is consistent with the deterministic model. activation of many T-cell receptors (TCR) l_Dy binding of
The midpoint of thef(8) in Figure 3A, 61, at whichf(61y,) antigen-MHC complexes on antigen-presenting c_ells (APC)
= 0.5, and the Hill's coefficientp,, both increase with the ~ as attracted great attention over the yeaf. (Originally,
N (Figure 7). For largeN, the f(6) reaches 50% afl1j, = the _researchers were mainly considering the e_qumbnum
N/2. Then, increases wittN and plateaus at 2. A similar b'”,d'”g of the antlg'en-MHC gomple?( to TCR 'ead'”9 to the
argument applies to the situation in which kinase is in excess activation. Constrained by this thinking, it was puzzling that
but phosphatase saturated. There one can also rgaci2. a low number of MHC complexes could induce the phos-
(C) Strictly Sequential System: Zeroth-Order PdFFGr phorylation of many T.CRS' This led to the propp;gi;eﬂal
both zeroth-order kinase and phosphatase, we bave engagement modabhmh suggested thg po§3|b|I|ty .that a
VK andf, = V7., the maximum velocities for the kinase TCR can remain activated after a transient interaction with
and phosphatase, respectively. Then the probability of haVingignMagtCagoz:\n“Fz:l:afySS){”l?ncjttr:]ee;gic::g;(;r?gfh{clﬁecT(ggpIIE?/):a n
* H .
| R*among totall total substrate molecules (eq 28) is though the nature of the biochemistry can be something
| different from PdPC/GTPase, the kinetic is the same.
= w (5) The distinction between the new and the previous thinking
1-— N1 precisely parallels the discussion of the two types of

The concept of temporal cooperativity in terms of the
random-walk model is not limited to PdPC and kinetically
isomorphic GTPases, but also applies to many other signaling
processes. Here we give one example.
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regulation of enzyme activities, namely, the reversible the chemistry and molecular mechanism are completely
chemical modification by PAPC and allosteric bindi@g)( different from those of serial engagement, the essential idea
Questions concerning these two types of regulation have beerhere again is contained in the random-walk model of Figure
posed earlier30): “Why have organisms found it advanta- 4. In this case, the sequential events are the multiple
geous to develop separate mechanisms to control the activity'modifications” of a single TCR, after binding to an MHC
of enzymes, namely, by noncovalent (allosteric) changes in complex.

structure mediated by appropriate effectors (binding), and  Even though the kinetic scheme of McKeith&@d) looks

by covalent modifications (via PdPC) of the proteins?” “Why  different from Figure 4, it can be mapped to the random
are these two mechanisms, ..., usually superimposed on ongvalk in Figure 4 with identical steady stateq.1/fx = ko/
another even though the changes in conformation resulting(kp + k1) = 0 wherek, andk_; are the rate constants for
in either activation or inhibition are essentially the same?” modification and dissociatior8). Therefore, this is a strict
Recently, Qian and Bear@1) have articulated the essential sequential system witl < 1. Hence the probability
difference between these two mechanisms: A noncovalentdistribution is given by eq 5. In particulgpy 0 6. Now if
allosteric change in a protein, e.g., TCR, requires the an agonist has a slightly greater dissociation relte,> k_;
effectors, e.g., MHC complex, in stoichiometric amount: one where we use the prime to indicate the agonist, #hien 6.
effector can only control one protein. In order to achieve Therefore,pi/py O (6'/0)N can have an extremely small
amplification using a small number of molecules to control value for largeN. The probability of the agonist arrving at

a large population of an enzyme, covalent modification with the end of the chain is much smaller than that of the natural
energy utilization is necessary, and PdPC is one of the bestligand, even though the probability of the natural ligand
examples. arriving at the end is tiny by itself. This is the tradeoff

However, the costs of noncovalent allosteric regulation between specificity and sensitivity in the context of kinetic
and the covalent modification are different: the former proofreading modell). The above discussion can be best
requires a significant amount of biosynthesis of effectors understood in terms of the Figure 6C, in which the slopes
while the latter needs only a small amount of effector. of the straight lines are lo§. Therefore, the logt,/py) =
However, the latter requires an energy consumption, in the N log(¢'/6): For ' < 6, the ratiopy/py can be as small as
form of ATP hydrolysis, during the regulatory processes. any number ifN is sufficiently large!

Itis not necessary to have a chemical bond breaking and  Recall that the phosphorylation potential is a necessary
forming to modify a protein. Conformational change brought congition for the random walk in Figure 4 to exhibit
about by an “enzyme” can do that as well. However, itis yjtrasensitivity. This energy requirement is a key aspect of
important to remember that this can only be accomplished Hopfield's original theory on kinetic proofreading. Qian has
in the presence of ATP hydrolysis. In other words, the recently provided a thermodynamic limit on the capability

biochemical reaction system has to be an open system. Thisyf specificity amplification with a given level of phospho-
is the essential idea behind the “energy relay model” ryjation potential 85).

proposed by Hopfield32), one of the inventors of the theory
of kinetic proofreading. DISCUSSION

It therefore becomes clear that the random-walk model in . ) .
Figure 4 applies to the kinetics of serial engagement. While alarge literature has been devoted to mathematical
Furthermore, the issue of sensitivity in PdPC is also precisely Modeling of increasingly complex, more realistic signal
related to the issue of specificity of T-cell activation between transduction processes, several basic questions concerning
its natural ligand and a lower affinity molecule (agonist). PdPC have never been addressed, or even asked. The
Recall that thed parameter in the PdPC represents the foremostone is “what is the simplest possible model from a
activity ratio of the kinase and the phosphatase, either from chemical reaction point of view and its prediction?” Ac-
their concentrations or from their specific activities. Hence, €ording to @), “ultrasensitive” and “subsensitive” responses
“Ultrasensitivity” in the present context means with a small are defined with respect to a hyperbolic response. Ultrasen-
decrease in the activity of the MHC Comp|ex as “the S|t|V|ty Of PdPC SW|tChes haS been W|de|y dISCUSSEd n the

catalyst”, the activation of the TCR can switch from 100% literature, but it has never been made clear why the
to essentially zero. hyperbolic response is a natural reference.

To achieve ultraspecificity by the above mechanism, our We see that if one assumes a PdPC with infinite amount
theory immediately suggests that there needs to be a zerothof energy from ATP hydrolysis, and both kinase and
order recycling mechanism in a T-cell that converts the phosphatase are nonsaturating, then the activation curve of
activated TCR back to nonactive form, in analogy to the @ PdPC is indeed hyperbolic. Note that, except for the
dephosphorylation reaction in the PdPC. Indeed, it appearsmathematical formula, this result has no biochemical connect
that active TCR complexes are highly dynamic, and associ- to the hyperbolic curve in enzyme kinetics. We discover that
ated proteins dissociate with short half-lives, allowing the simplest, hyperbolic response of a PdPC is indeed related
inactivation of the system by phosphatas3).( Together to independence of the substrate proteins, i.e., noncoopera-
with the strong discrimination between higher and lower tive, while sensitivity withn, > 1 is indeed due to a
affinity ligands due to serial engagement, high sensitivity cooperativity between the successive phosphorylation of
and selectivity is achieved. Whether the deactivation kinetics substrate proteins.
is indeed zeroth order, however, remains to be tested. In the present paper, we develop a mathematical analysis

Kinetic Proofreading MechanisnKinetic proofreading is of PdPC with a series of models with increasing complexity.
another model that explains the high specificity of T-cell Many of the models are sufficiently simple to be studied
activation, but at a single TCR leve24, 35). Even though exactly without approximations. Clearly, these models are
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not meant to be realistic for reactions in cells; rather they KK, K3 k_;+k;

serve as a part of the languange for discussing more realistic? = W{ = Kw = W

PdPC processes, and based on which any more complex 3 3 .

models may be built, and to which they may be compared. _ KikoKs o= E )
As we have demonstrated, the random-walk model is a 4 Kok ok g’ Kk,

general theory for signaling sensitivity and specificity. It is
not limited to just PAPC and GTPase. Sequential mathemati-
cal models as such are a part of the theory of linear
cooperativity which had applications in the past ranging from
theoretical physics 36) to molecular biophysics to cell
biology. For example, the helix formation of DNA and
polypeptides §7), protein folding kinetics ¥8), allosteric If y =1, then eq 8 is simplified intd = u/(1 + u), as
cooperativity 9, 39), and actin and microtubule polymer- expected from chemical equilibrium. Under this condition,
ization @0) have all been modeled in terms of linear increasing the concentration of the enzyme kin@iseloes

cooperativity. not affect the equilibrium ratio between the [R] and [R*]
The present work has clearly shown that the zeroth-order (5, 6).

kinetics for both phosphorylation and dephosphorylation . . .
reactions is only one of the necessary conditions for f Poth kinase and phosphatase are irreversible, then
ultrasensitive switch. Having a sufficiently large phospho- = k-3 =0, thenu = ¢ =0, uy = 0, and6 = f(Kw + 1 —
rylation energy in a living cell is another; and together they /(1 — ). This yields

are sufficient. Phosphorylation energy is one of the important

are the activation signal6}, equilibrium constant for
dephosphorylationy), Michaelis constants of the kinase
(Km), and the phosphorylation energy for ATP hydrolysis
AG = RTIn v, respectively.

global quantities for gauging the well-being of cel&7). _ 2 _

The realization of this “signal-energy connection” suggests f= (Ky 11 96) \/(KM t1t0)7 4 (10)
possible new perspectives on signaling pathway aber- 2

rations in cellular processes such as apoptosis and tumor

growth. WhenKy also is very small, we havie= 6 when6 <1 and

f =1 when6 =1.

o _ o _ To characterize the sensitivity of the activatidnas a
Enzyme Kinetics of PdPThe detailed kinetic equations  fynction of the signab, we borrow the terminology “Hill’'s

corresponding to the reaction network in Figure 2A, with coefficient” from allosteric cooperativity, and define (89)-
sufficient abundance of phosphatase, thus nonsaturatmgAccording to this definition, the, for eq 8 is

dephosphorylation reaction, is

METHODS

ko ke K_4P] n = Z(d In f) (11)
K+ R-E KR 'y K+R* R* ] R (6) h dIn6li=os
The sufficient abundance of an enzyme is quantified as the n = u(y —1) l-o0 -1 (12)
enzyme-substrate complex [ESkK E;, the total enzyme. n A—wuy —1) 1+o+2K,

Note however that [ESH < S/E; and [ES]E; = Ku[E][S]/

E = Ku[S]. Hence sufficiency can come from eith@r< the maximal value for the first term in the brackets isp (
E or [S] =§ < 1/Ku. The former means excess of enzyme; |t yhe K, is very large, the second term is negligible, and
the latter means nonsaturating regime of Michaglienten then then, = 1. However, ifKy, is very small ands = 0

kinetics. . 4 .
The steady-state concentrations for K, R, KR and R* in then t_he second term n the br_aF"_et Is 1. _Th|s_corresponds
to n, = 2, a factor of 2 in sensitivity amplification due to

eq 6 satisfy the following four equations: zeroth-order kinase. It can be shown tR#&) in eq 8 has a

k1[K][R] — k—1[KR] = k2[KR] — negative curvature, which meafi@®) < f(0)/6. Therefore,
k—2[K][R*] = k3[P][R¥] — k—3[P][R] (7a) n, = 2 is the upper bound for this type of activation curve.
[K] + [KR] =Kt, [R] +[KR] +[R* =Rt (7b) Derivation of w.(tjn) from MMBH TheoryTo obtain the
w(tjn) in Figure 2B from the enzyme kinetics given in
in which K¢ is the total concentration of the kinase dRds Figure 2A, we introduce the kinetic scheme in Figure 9B.

the total concentration of the substrate protein. There areNote that Figure 9A and eq 6 are essentially the same, with
four unknown quantities: [KR], [K], [R] and [R*]. Following  one crucial difference: thiés becomey's. The rate constants

the standard MichaelisMenten assumption that [KR¥ [R] k are concentration based; and the rate constgntwe
and [R*], then we haveg) number of molecules based. They differ by a factonof
the system’s volume. Als = Ku3[P]/V.
[+ 2 — Ky + 1=+ of system's v o = olP]
= 1 (8) Figure 9B gives the detailed kinetic scheme of how the
[1 —f- u_yf system moves with-1 or —1 increments in R*. Solving this

kinetics, one obtains the probability of when the system
in which f = [R*]/R is the fraction of substrates in the jumps from statd mR, nR*} to state§(m — 1)R, (0 + 1)-
phosphorylated form. The parameters R*} and{(m+ 1)R, (h — 1)R*}.
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q A G mgs; 0
1’//"\ si=S— G, —0q, Mg O
A q_1 q. < —c — —
(A) R \ﬂ/'R* X (s 10 ng, —S—0;— 01
.3 = = =
A — %(S) —S$—G~—0, Mg O
s S[0] ng, —S—0_1,—Q;
(B) 0 nog, 0.,
mq_;
. m(ey0, + G0-3 + 9-30-1 + 59.3) (16)
" [imte.ne ] N(010p + G + G105 + S&)
-1
nq., The right-hand-side of eq 16 is independens dfand only
\ q
n M R f 00p0/(0-1020-2) = 1. Then
na, X (9 _ mad, _ma an
FIGURE 9: (A) The traditional enzyme kinetic scheme for PdPC %(S) NO..9., NG

with kinase catalyzed phosphorylation and nonsaturating phos-

phatase. (B) Assuming there is only one kinase enzyme molecule, — . ;
the corresponding stochastic scheme details how the substrat In generaly = th0,05/(d-19-20-s) > 1. This corresponds

proteins are phosphorylated and dephosphorylated, one at a time.hO a large free energy in ATP hydrolysis = RTIn y. We
ave

The master equation for the kinetics in Figure 9B is given X 5(0) X ,(®) p, 18)
by the ODE system —_— s = 1
/ d %0) =) -
X_5 X_5 wherep; andp- are the probabilities for moving forward
d X_q X_q and backward, respectively.
T % |=Alx% (13) To obtain the mean timed;Jand {_L] we have
X; Xy o d, -
x| 1., = [yt 0= -[som) 19
and

in which x5, X_1, Xo, X1, X2 represent the probabilities of states . d
{(m - DR, ( + HR*, K}, {(m — 1R, nR*, KR}, {mMR, A_p_ = ﬁ) tdx,(t) = — d—(s&z(s))] (20)
nR*, K} { MR, (h — 1)R* KR}, {(m + )R, (h — 1)R*, S =0

K}, respectively. The matrix

To simplify the calculation, we now assume that both
kinase and the phosphatase are irreversigle:= q-, = 0.

A= Then the solution to eq 15 is
0 Q maQ_; 0 0
—g. — m
0 0~ 0 Mg 0 0 SX_,(9) = 4% (21a)
0 9, —mg —mg;—ngq.,— NG ¢, 0 £+ (q, + q_; + mq + ngg)s +
00 na., 917G 0 ma,a, + No0; + NQ_10;
00 NG -1 0 (@ + +9
n _,+S
(14) S~)1(2(5) — q2 q 1 q3 (21b)
S+ (q,+ g, + mg + ng)s+
m +n +n
and initial condition is (0,0,1,0,8)Equation 13 can be solved W %% ™ N1
by Laplace transform: Therefore,
. m
%, 0 0, = G0 ’
Xy 0 mQyd, + NG0; + NQ_10;
s —A)% [=]1 (15) o = n(d, +9-1)0s (22)
X 0 © MQQ, + NGz + NQ40;
X 0
2 0, + Q-1 + Mg + NG
mqd, + NGGs + NG-4 05’
X—2(t) andxy(t) are the cumulative probability distributions - 1
for the forward and backward times, andt-. If we let m =00 g,+09, (23)

= np — N, thensX(s) andsx_(s) are the Laplace transforms
of wy(tjn) andw_(t|n) in Figure 2B. The forward rate is the ratio gb, and [@.[] i.e., the
By the Cramer’s rule, it can be shown that probability per unit time:
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:&: ma,q,
{0 o +q.;+mg+ng

(08

(24)

We see this expression resembles that of Michadlienten.
When the kinase is highly saturatedg, > (g, + q-1), then
o is independent ofm. On the other handj = p-/[-Clcan
be shown to be proportional tif g, > g-i.

Independent Substrate with First-Order PdPEor a
system with sufficient numbers of kinase molecules and

phosphatase molecules, with the substrate proteins undergo-

ing independent PdPC, we haste= (N — i)A1[K] and §; =
jA2[P]. If we denoted = 14[K]/(12[P]), which represents the
ratio of activities of kinase to that of phosphatase, then the
probability of havingl substrates, among totd, being
phosphorylated is

N! 6

B (N — 1)!Q(6)

B

NN
A= ;H(N —1)! B
1+ o) (25)

The distribution in eq 25 is in fact a binomial distribution
with probability 6/(1 + 6) for an individual substrate
molecule to be in the R* state, and 1416) in the R state.
The mean number of phosphorylated substrat®igl +
0), and the fraction of the phosphorylated subtrates=is
0/(1 + 6). This hyperbolic curve is the standard for
sensitivity in PAPC with respect to which ultrasensitivity is
defined. It can be mathematically shown that in eq 10, when
Km — o, we obtain the same hyperbolic response.
Semisequential SysteRor a semisequential system, which
corresponds to a zeroth-order kinase but first-order phos-
phatase (or vice versa), we hawg= Vi, for all n, ands,
= np1. The probability distribution is

6' N g

in which & = o/f:. There is no analytical solution for the
Z(0) in eq 27. Hence, the fraction of phosphorylated
substrates has to be evaluated numerically. However,

N—1
o'm
1dIinz(@) o ;
"N ding NN
209'/”

For largeN, p, in eq 26 is approximately Poisson with mean
6. Hence mean fractioh= 6/N when6 < N and 1 wherp
> N. Furthermore, whefl = N/2,f = (1/2) andn, = 2(d In
f(0)/d In B)g—nz ~ 2 — (VE/2)N. This agrees with that in
Figure 7B.

Strictly Sequential System with Zeroth-Order PdFor

a strictly sequential system we have both= V'r;ax andpn

, (26)
112()

P

(27)

= V., independent oh. Again, letd = V& /V5.. The
probability p; then is
0| N 1 _ 0N+l
=—0! EO=Y0="—" 28
P =0) ) ; —y (28)

Biochemistry, Vol. 47, No. 7, 2008219

The fraction of phosphorylated substrates, then, is

1dInE@O) _ 61— (N+1)6" + No"™)

) =N"dme _ o)1 — gV
n N(1 — 0)(1 — "™ (29)
and
df _ (1= 6" = (N+ 1%(1 - 6)%"
do (1- 6)2(1 _ 0N+1)2 (30)
For sufficiently largeN > 1,
() =2+ T80 -1n+o@-6)  (31)

indicating thatf = 1/2 whenf# = 1. Therefore, the Hill's
coefficientn, = 2(d In f(6)/(d In 8))s=1 = (N + 2)/3.
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